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C. Tointei fos

We present in  this pPoper  some propositions for a
n-dimensional  simplex.

We use the Jo towing  symeots,

The pomis Ay, AL, As,... s Angs  are  the uertexes of
the n-dimengionaf simplex &™ in R

(ot

V™ The n-dimensionalf Birear wiesure of & (The vo-

bume in  Eucbidean metric  space),
=1}

6
opposite  to the pertex A;.

The (n-1)- dimensionaf simpfex  (or  the @}.-i'll-*a.ce}
K™ The  wofume  of the. ™"

Qj=a; : The edge A A;

B pee™ vipr is the vobume of the simpPex with
vertexes Ay Azy.. s Al s Py Aige voeen Ay

It pieef™ VUp31 is ihe votume of the  sim.
plex Aq, I;'-z, e P AL My s D0 o Ra oo 5 A

hi: The distance o} the uvertex Ai from the g7,
and di  the distance of the point pe&e™ from gf?

AP=xi , PPi=u;.



Proposition 1.

Let ™ Be o simplex in R™ with vertexes Agy
Azs- s Anw. B p is  an interior point and p=Apne™
the product

Vi tpa ‘l’ﬂ"'}p,} i V;:,‘.ﬂf Prs?

is constant  for Jiel2,3,.5n01) A jemie A Jama,

PROOF :

We use the Barycentric coordinates of tre affine
geometry.

It pea™ C(interier pointy we have

i
= g A AL ()
where AL >0 and E =1,
From 1) we obtain

Akl

A
P=AAL* Ei—lﬂjg‘ _'l'-lﬁl ()
: iei
and consequently
T A
pi= E g v 0 £

i

2. Lemma,

H p s an interior point in a &™-simplex A,,A,,
3 Amyy and P=E"qu’h (q;}ﬁ,gqizi‘} the ratio Eg:ﬁE}
has the same arithmeticaf palue for e[ ,2,.. ,metl

In to prove +this we use the method of the
rathematicaf inductior,

For m=2 the proof is elementary.

We assume that the proposition s true  dor
= ke and fek F5=A;pnai.'

Al

We  haue Pi = E 1—1‘{- A arnd {rom  the assumpltion

=y

for the 6:""1— simplex - we haue



Tt}

e Wt V%R - MShen o Moy -
94 s I ™ Fias Juat
We multiply successively the relations (4) with
-h','z"- and, %k and suBtract the correspondi ng terms

Tctkir'\g inte  account the refation

¥ )
Ehi V0 Ve = Ve (ei)
we have
—1—.5'."‘"{"1{ J = —E——V"!‘{P} — R -—l\—w{'?‘ = —L‘*'::‘I"rl:":I — 3 A -=—-—HE:1E .
q'l c’,l qi-l ﬂiH qlul

We work  now in the same way  with  the Simplex
(=)

G, CA=i) and we  ofbain the desired resulft.

3. We return now te  the proct of the 4{heorem.
Using  the aBoue {Lemma we have for the simpPe-

e AT WP B rebatiive
im=1} el Lrer) el
1lllfl [Pﬂ ey v (PJ I|lllri- fpl"_ \llrn" fR‘
T O ety o et
ARG W | iy
Ay - Ay T
M) oL ke
Ay
Oned) (n=f) (net]
Y, (PMJ: 1'!": (Prssd e e e AR Wa {b“:l
Ay Aa A

We chcmse the order in  each fine of (5 in
such a Way that the (ndices of the Vs ap-
pearing  in  the  dememinator te  Be ate different
M each wlumn, 1! now we mu?tipiré " the terms in
each cobumn we obtain.

fh-ﬂ Rt} neil
Vie POV Cpayonc Vo, Ghes)  icoramt:



Proposition 2.
Let p 6e a point in the interior of the sim-
plex '™ in R e pi=Aipn ﬁ'{"'“
iml

wWe cald Viepy the wolume of the +i-simpfex
with vertexes PrsPas- -3 Pras . We will prove that

V7l & =5 [V

PROOF,
” }'"l- Ag ge- --.»')-nn are the .ECIP‘HC-EI"I‘trII.r_. coordinates
of the point p  we hauve

mal
p= ?; A 1)
.11 -
and Aive , ]Z‘A;-L
We know propcsi{' ion  1.3)

i
5 A
Pl._'li 1_)"L - ()
J#L
Let Kigy Mig p Xins - - 3 Xin and iy s Az + Dy 5 - Tin ge

the coordinates of the pﬂlir'l*-ﬁ pi oamd AL i an
D‘I’tht::aﬂﬁﬂ.e system .
we have  $rom (2)

LN
x..,_;:%—;r 5 )
;n
k=[1,2,..., ne1)]  and j=[1,2,...,n]
We knaw ‘H"rqt
1 Xy 43 X am
1 T Xaa Xan
[
'\"(lm:hl!1 R EE (@)

1 S T



The suBstitution af

= n W@ witl  give
(=] Az Ay Knei
i Ay o Ay P
] {wl
]-I‘O"""i-jﬂ"I EP:': Ay P - I v v
=t
3\1. }ll -}"I - o

and ]:! f1'hi".i "li:.%Fﬂ‘ = {.v‘l‘i"'ﬂ]‘-! My ‘i’h‘

The refation Between  the arithmeticat aond geo-
metrical mear 5
i nal _3-'_
1~>.;_=]§ N P nm A
ki ki
Theredore
L
. 9 n L1 A ta)
Ve | € v | v
[t 1]
arel

[mep'ﬁlg‘#.l'\fm].

Equabity  holds i and orfy i} p is the bary-
center,

Proposition 3.
Let = ge a

poimt  in  the simplex & We puk
(Ap)=xi, (pp) =u;  with  pi=Aipned™ We will prove

—_—
=
1. ; ':-‘-E 2 rilnea)

il
2. ﬁ X ¥ n" ﬁ Ui
i imt



Tomad

wii 4 1
. 2 Z T,,.3
3, :% N B £ L™y,

i

U it e
4. ‘.'L:i X, @ ‘:l},:j Uil o+ ntn‘_i'ﬁﬂ (ThEY

1
5 ‘f MR » (el
L s uiy; 2

il 1t s Ll
a. ‘2?. LRI }_" Uidj + 5 nin-Cnt1) ]‘I ty ®
o 17] vzt
1L il

1yl [ 1
T, Cn,i'}_zl:-q;1ngu; ‘g.*zgxi! ;3
in W= 5T

PROOF.
Let A, A%, 550 Be  the Garycentric  coordinatec

of the point p- We have

p=2 MiA; and J\;)D,zr“ni#.

k=t

1.Since p=XA; + {q-}.,,'}};!%% =NAL+ (=) p; , we

Tgk[n.a into actcount  that -".;-L+i;t > 2 we  oétamn
.1 nlnp) o
g G ¥ TE 2= nins)
2' el T 1
T 1T o

i
. = - But 1- A = E Ai 3 n T!- 1115 ana
[T TTx Fh Wi
iny is

A4 i
ﬁfq-m; n"]'!)«.; etec .
iz i

3. e A A Y X r 4
Z;;:.-: };“ (I:‘Uq"l T}“i‘-} s But I:-uoﬁa—?_uja Quqﬁu}! £

there fore



o nil 1wl }.1 = %’l‘ %
F 2 A a A Ed
hi“xt =§ I‘:-ﬁ‘ul + 3%‘-1-&} + 2“—*1 _}_!‘:'qu, - But
Lij g
.ﬁ l‘ 1, pl Ak e L) mal
Y] UL 2 2uy, and 2_.7 -5'1 Ug # nin?.-1) I!- wi
Lj#n
s Wi 1 =l %
. o A
X4 M ogey M) = o
et E: w5 : Therefore s *ﬂ‘lﬁ"%
U we add aff ihe terms for  )=1,2,..., n41 for
L) we obtain

= i3}
But
Am . _ml ay -—
PIPHBTR LSy B%
) =
Therefoare
1] ad i a
Ao P 3 s Hng i)
}%uﬁu‘ 3 — l:[:.. X _nL.a;_
&.
nad iyl
i) = (% }u.‘) : :-.-LJu}]u-lu;, + uju; Because ':.; A=t
ey
e él
ansgquentbﬂ %y = (n-N },-ﬂj;. Midp or Ly 1)
. LR TR
U ng the refation
" wad -
11 LET]
q T T i { A4 _l:r Uy (2}
5T ARA= R ll"::ziﬁ.T:
"Il

we obtain frem



,mil 1,mil F

Z EIR'T a’ E s n[n—ﬂ ﬁ}'i"'ﬁ "'llH.
oy R B 3 =

But
it i
S WY R 1 f e
amd  the refation (3) wife aiﬂre
4l

1, mih
E Xix; B E u; uJ+—5—L——“"”f"" T[u'“

1]

T We haue Wy = —J"u i THEre-Fan

1- &,
1 p p it .
m_ﬂg i +nf — ﬁ fn-ﬂ{h.h:h- nA i B n-(4-4i) G
1 AL o =1 1= Ay
il s wal
= =l
LEt 1= '.." 1] “i. b

Gut n= _g -2  and we ogtain Cschwarz)

ad % 1 wid mal 4 i
x:
e O NE| = + t T .8
fz1 A 3 [Lzl i H’% X Zuj I I
ar

ey 4 i

-:m‘aEA+nEu 2 22 T X7,
k]

Proposition 4.
let & 8¢ a n-simplex n R and p a point
in the interior of &', let the midpoints of the

598"’1&!‘1*5 A, PsAaPs ... s Annm P de HasHrg- - g Haps We con-

sider the hyperplane n; which pass through pp and

is paraleef to  hyperplane in which lies 4re &Y

This cuts from e a mn-simplex which has A; as
{m .

one o} its uertexes, [§ Vi is  the uolume of this



simplex, we shalf prove

2 W > (3 i

L=t [T

PROOF.
We set p=§ii-‘ﬁl with A0 and ih;=1 . We

haue
y = —~'f. ALrp) = [-1 Agr Ay Ay et AL G ROAL A At }s,..,.ﬁ...,]
and

(Aipd _ =M

En—ﬂ}-
("'hP'

(P'E‘& P&

\J

There{b re

2
We sum  with respect te Lt feom 1 to nd

and we obtain

Vin = [y

il - w1 2
2V =R YT 2 U0
‘am'ﬁg imte account the refation
Lot i
3 AT » —M—*—.—[Z (-] e
izt " LT} A (et

we oltain  the desired result .
Equality hotds i and only i} p is the eary-
center,

Proposition 5.

Let & ge a n- simplex in R™ with vertexes

(33

Ayshgn...s Anyy  Qnd & a g-{ace with vertexes

Moy Aza.r g A'u'l quﬂj- l* pP= Z:'*l L,J\'?ﬁ'ﬂ' Z}\ =1, and

[



i
9=2 wiAj we shafl preve  that

i=
1 gl
lp-g] £ ; ? Nipjd

with L#£) , where d i 4ihe diameter o} &™

PROOF, 1 ) . ‘
We have q—P*—g HA; - P =?{—_.PJ&3-Z Fjngw(aqj_p“} )
USina N N .
Aj-p= EA: A; —-E MA = ‘Z.; X A= AD
we ogtain  from 0

i e

2 Nipy (A=A (2)

qr-P=il1 =
The nrumer of the terms in  the right-hand side
o{' 2) s [qn';tnfi‘}. Of 4his  summand the g+1 | are

equaf to zero, and [Aj-Al<d. So we have
(L] #1
[3-P| %Z ? dipd

for (=j. |} we take for  P.q  the centroids, then
the  aéoue refation  reduces to Ig-pl € 2= d.
{ ALEKSANDROY : ComBinatoriaf T':'PGEOSH page  214)

The Leiénitz formula and &L sim plex.
let Ay A, . A, 8 n points in RY Lith
masses MisMzs.. , s and Pt & & tre Garycerter.

oy E—
- : ==L m,D&-;m.EI,*n--wm Ol
{ Thet 15 for A point e S = r-':mn1+- ST I"__.‘)

I P 15 any point in R s the fcﬂicwins refotion
holde
g m; p-_ﬁf = mﬁa‘+§m;,ﬂ;af!.eiﬂniz formula) )

M= My 4 gt - My,



| = —

We set  (AcA;) = (A A) = aij =gy
we shafl prove the f&fﬂnw EHS 1qrmuﬂq

—i.'l —Ig.. i i;n ]
i roy pAL = mpG *o= El mim; A . 21

(1)

it '5uﬂice.5 1o prove that
bl —— Lal
2 miGA =& gj mym; Ay o
e use  the matnematical incluctian,
Tre refation (33 is efementary for n=2. So
for ang twe points  Alm) and  Ajlm;)  we  have

e 1 —3 ¥ m a
MmGA; + MaGAg = —,;,EE,E‘? (4

We suppose  that  the propesition holds, {or
Nn=k.

Let G Be the Sarycenter of the points  Adwmo,
Aalmydy . s Axlmd  and @ the 8argcenter of the
poirts Almad Az, oy Anlm) , A ().

For  ihe two  points Gimempamgs rmey and  Agalmg)
we  have, a:‘r_prd;ng to 4D

— —_— %
m E‘G‘ L Y Grﬂtq,. = T Mg Ei_imi is)
e

we put nm (D) p=G and  oftan

® s — 1
E_m;ﬁﬂ;’:mﬁﬁ**% gn‘!;m;ﬂ-u (@)

We add (=) ey @)

mat S iy
Tt mme G A 4 2
CEa AT = MM Qe 4 ik
=1 i L ok Mgy + i :zn mlh'lJ all i

we put in relation (29 p=Aq, and we solue for
— & i s . .
Gl oOnd we suBskitute it im (7). After the sim-
plifications we  have



12

ot p—
A 1 ad
E m; GAL = v {’;.1 mm; agj

We nrow apply the bormufas (17 and (2 to a
6" - simplex.

We consider  the 67 simplex in R™ with  ver-
texes AiyAay- -9 Anyy  and  eet P &€ an  interior
point.

] Wi
e have P‘E;J"im and h;}a,lz__ql;——-i.

The fermufa o) Jor a point 9 @ecomes

bl 3 g i —_—
Z % gk =3+ Z A pA; (@)
or
wal el —
Z Xigh 3 Z N pAS Q)

Equality for g=p.
H q coincides with the center o the n-circum-
5F‘h€‘re and qulle' =R wWe hul‘e

2 ‘“1. _I.“
R ‘»::,E‘hp. (=)

I we use the formuta (2), we obiain

= o no
E A :'ﬁ-} - qu + E N u?l a0
i1 & "
PIBH A > g N\ @l 12)
]
1mal

A Qarﬁﬂ numeer of l'ﬂeq,uﬂf'i.feﬁ can @e obta-
ned frem  the refations Fot2, 11,12 and 13 cg
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ﬂ};t kiﬂ.:’ > f_hi-‘l]ll‘i_"! e ;ﬂl’

1 =1

] 1 L]
&) i?} Mag > C(na ‘f N e

im X1
¥ ay;
O R o=
H‘-l

1| il e '
d) R3 z [??] Vi a?g.] with S = ?_'_*_'u'i“" ete .
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