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G. A. Tsintsifas
Thessaloniki, Greece

John’s matrix is a very interesting and fruitful subject. The idea of the
vector relative to simplex seems to simplify some theorems and propositions.
The following includes some of my results without the proofs.

Let s = A1 As... A, 1 be a simplex in E™. It is well known that there exists
real positive numbers cy, co, ...c11 SO that:

n+1 n+1

Zciuizo, Zci:n,
i=1 i=1

where u; the unit vectors perpendiculars to the facets of s and directed to
the exterior of s.
We suppose that a is a vector in E™. We define the vector Da relative to

simplex s as follows:
n+1

Da =" ¢;(u;, a)u; (1)

i=1

The follwing properties can be easily proved.
VAeR: ADa= D()\a)

D(a+b) = Da+ Db

a=0< Da=0

(Da,b) = (a, Db) = (Db, a)

(Da, bl) + (Da, bz) = (Da, bl + bg)

6. (Da, Db) = Zi’f“ cicj(ui, a)(ug, b)(u;, uy;)
John’s Matrix

Let O.z1x5...x, be the Cartesian orthogonal system with unit vectors ey, es, ...e,.
The operator A = Z’fjll c;u; @ u; where :

7

U W=



St e (ui, eq)? St e (ug, er) (g, ea) -+ ST e (ug, eq) (us, €q)

Z?H Ci(”ia 62)(%’, 61) Z?H Cz‘(uz‘, 62)2 Tt Z?H Ci(uia 62)(“2‘, 6n)
A =
711—"_1 Cz(uza en)(uu 61) ?—H Cz(“z; 6n)(u17 62) Z?+1 & (um en)

is the well known John’s matrix.
Introducing in A the notation of a vector relative to simplex we will have:

(Dehel) (DelaGQ) (D61)6n>
(D62761) (D62a62) (D627€n)
A= | (2)
(Den,el) (DenueQ) (Denaen)
Let now the vector v = Zzljn z;e; and |[v]| = 1, then we will have:
1n
(Dv,v) =) ziz;(De;, e) (3)
1,]

setting also a;; = (De;, e;) and denoting Ay > Ay > ... > ), the characteristic
roots of the matrix [a;;], we take:

max(Dv,v) = A\

min(Dv,v) = \,.

Let now b;; = (De;, De;). We can see that:
n
bij = Z AikAjk,
k=1

Hence the roots of B are A3, A3, ... \2.

Conclusion:
A} > (Dv, Dv) > X,



Some Propositions

1.John’s theorem for the simplex.

The Eucledean ball is the ellipsoid of maximum volume contained in the sim-
plex s = A1 As... A, if and only if:

(a).Z’f“ CiU; = 0

(b).X1" ciu; @ u; = I, the identity matrix.

The u; and ¢; as already defined.

2.For the inscribed sphere (/,7) in the simplex s holds:

< 1
r _
=\
3.Let W
L
S1 = ; ;ZQ —1
be the inscribed ellipsoid in s, then
1
a1a9.....a, < I

n
R < N
Generally, it holds:
nr< R < iy
sfs
D.
A >12> A\,

6.Let 0 = A1 As... A, 11 N p the intersection of the simplex s with the (n — 1)
plane p and (K, r) the inscribed sphere B2 | in 0. We proved that:

2 < n()\i +77/>\1)
“ (n—=XM)(A2 +n\ — AY)

r
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