The Orthoptic Curve of a convex figure

G.Tsintsifas

1. Introduction
Let I be a convex figure in E? and K = 9F the boundary curve of F.
We suppose that K is regular convex curve with positive curvature (rotund)
and two points P, P, of K. The support lines at the points P, P, are
intersecting at the point P. Continuity arguments assure that the point set
{P//P,PP, = m/2 is a curve denoted byK..
Definition We will call K, the Orthoptic curve of the curvekK.
If K is the circle (O, R) then K, will be the circle (O, Rv/2). If K is the ellipse
2?/a® + y*/b*/2 = 1 then K, will be concentric circle of radius va? + b2.
Here, the main problem for us is to determine the convex curve K supposing
that K, is circle, see also [1]. We will also prove the following interesting
inequalities.

(a)  A(K.) > 24(K)
(b)  L(K.) > 2L(K).

Where by A we denote the area enclosed by the curves K, K, and L the
length.

2. The problem

We suppose that K, is a circle of radius 1. We will try to determine the
curve K.

Let e; the support line at the point P € K and p; = p(f) the support
function of K for the ey. It is well known that:

V(z,y) €er: xcosf+ysinbd =p(d) =p; (1)

see [1].
Let now ey the support line, perpendicular to e, so that:

V(z,y) € ea: wcos(0+ m/2) +ysin(@+ 7/2) =p(@+7/2) =ps  (2)



From the system of (1) and (2) we can find the coordinates of the point
M = e; Ney. We have:

x=xy =p1sinf + pycost, y=1yy = picosfh+ pysinf (3)

Easily from (3) we find:
[OM* = pi +pj

or,

P(0) +p*(0 +7/2) = 1. (4)

The function p?(f) is periodic with period 27. Assuming that the conditions
for the expansion in Fourier series exist, we will have:

1 [o@)
() = 40 + Z(an cosnf + by, sinnb)
1

1 o0
pr(0+7/2) = 540 +> (d,, cosnb + g, sinnb)
1

where,

d, ancos 5 —|—b sm%

. nmw .onm
gn = b, cos 5 — @, sin 5 -
For, a9y =1, a,+d,=0, b,+g,=0, n>1, wefind:
a1:b1:O, Clg:bg:(), a4:b4:0, a5:b5:O, &7:b7:O vy
that is aqry; = bggs; = 0 for ¢« = 0,1, 3, k natural number. We can
arbitrarely define agg12, byrro. Therefore if the support function is:

l\:)\r—t

+ Z [a4k+2 cos(4k + 2)0 + by o sin(4k + 2)9}
1

then we will have:
p2(0) +p*(0 +7/2) = 1.

An example.
We can take the curve (c¢) with support function

p(0) = \/;—FCLCOSQQ (5)



we see that,
P*(0) +p*(0 + /1) = 1.
The curvature of (c) is:
1
—— =p(0) =p(0) + p(o
500) p(0) = p(0) +5(0)

or
1/4 — a?

) = .
®) [1/2 4 acos 26]**
For0<a<1/2 itis 1/24acos20 >0 , therefore the curve (c) is convex.

Also we can find the algebric equation of the curve (c). The point M(x,y) €
(¢) is given by the equations:

s

x = p(#) cos O — p(0) sin(H)
y = p(0)sin@ + p(0) cos(0).

After some calculations we take:

Sin2 0 — (1/2 + a)yQ
(1/2 + a)? 4 2ay?
cos? 6 = (1/2 - a)x2

(1/2 4+ a)? — 2ax?
and finally the equation of (c) is:

(1/2+ a)y? (1/2 — a)a?

=1
(1/24+a)?> 4+ 2ay*  (1/2+ a)? — 2ax?

that is (c) is a convex curve of 4" degree.

3. Theorem (a): A(K,) > 2A(K).
Proof
From (3) follows:

xy — yi = pi + Py + piv2 + Pipe
hence,
1 ) )
A(K.) = 5 $lag = yil
3
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but,
21

p1p2df =0

also,
2
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where K the pedal curve of K, that is the locus of the feet of the perpen-
dicular from the origin to the support line of K.
From the theorem of Chernoff, see [4], it is known that:

w/2
_2/ w(0 + 7/2)db (6)
where w(#) is the width of K in the direction #. But
w(0) = p(0) +p(6 +7)

w(f 4+ m/2) = p(0@+ 7/2) + p(6 + 37/2).
From (6) follows:

2m
or,
1 2m 9 9 1
A(K) < 5 /0 (83 + PR)d0 = A(Ko) = SA(K.).

The equality from (6), for K=circle.

Theorem (b): L(K,) > v/2L(K). Starting again from the relation (3), we
take:

P49 = (p+p2)* + (p2—pr1)? (7)
Using the well known inequality

A2+ B*> ~(A+B)’

1
-2



from (7) follows:

. . 1 . .
(p1 +12)° + (p2 — P1)* > §[Ip1 + ol + p2 — 11 ]2
therefore,

LK) = [ @ o= — [ b+ — [ d
W) = '+'§=—/ +p +—/ —p
() = [ @ +iido = [+ )b+ s [ I

But,
2 2
5rdf =0, / Dpdl = 0
0 0
2w . 2w . 2w
| 2= pldo = | [ (02— pi)at] = [ pade
Also, it is:
2 2
0 0
Hence
L(K,) > V2L(K).
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