Inequalities for a simplex and a triangle.

G.Tsintsifas

Problem .
Let S,, = A1A,.. ..A, .1 be an-simplex in ™ and M is an interior point. The

line A; M intersects the opposite face, that is the simplex S? | = AjAy...A; 1 A;11...

at the point A} and the simplex S! | = AjA}. A, Al ... A}, at the point
A7, Prove:

n+1 A A"
> n? 1. (1)
S

Proof.

We denote, as useally, the vector of position of a point ) by OZQ = Q.
Therefore the point M expressed by its barycentric coordinates , is
n+1 n+1

M:qu-Ai where Zqizl, q; > 0.
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So, we have:

27]1+11 qj
M = qA; + (1 — Ch)ﬁ
That is:
e Z?Jrll q] (2>
' - ai
Similarly:

M =Y tm AL S =1 m; >0, or

n+1 n+1 QjAj n+1
i=1 J];i z =1

-An—l—l



So we take: m; = %. Indeed, we have:

MA MA,
ALA = my, (a’) A A = q;, (b)

from (b) follows that:
ALAY — MAY

AT A =0

MA"

L=y

A AY

=q; =
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AAT g

but we proved in problem 1 that m; = 1=% therefore

n

=¢q =

AA (n—-1)(1—-¢q¢) (n—-1) [(h + g2+ ..qi—1 + %+1--Qn+1}

ALAT ng; n

di
and finally,
Y n+1 " 1,n+1
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The above is the conjecture 7.19 page 338 in [1] (for a triangle).

Some applications for a triangle.

For n=3, that is for the triangle A;A;A3 using the above formulas we can
obtain some remarkable results.

1.The points A, A] — M, A; are Harmonic range, that is:
Proof

From (a) follows.

MAY A AY
MAT = AA, ()

MAY
m=—-——-—
MAY + MA}
or equivalently for (c)
B Ay AY
O AAT+ A4

ma

2



1 1

# m - / — 1" " Al
R S W B
1 1— 1—
émlzﬁzl—ml—qlzl— 2Q1_Q1: 2q1
—mi1—q1
That is according (a),(b) we conclude that A}, A — M, A; are Harmonic
range.
2.
> [AAY As)? < [A1AxA3)?
(cyclic)
Proof.
Descarte’s theorem for the harmonic ranges is:
2 1 1
AAT  AM T AA
2M A - AL A
ALAY = L T < IMAL - A A
T A A Ay S VA
N AT _ A N (A2A743) _ (A1A24)
MA} = AAT - (AaMA3) — (AA1A3)
(A AT A3)? < (A1 AsA3) - (A M A3)
and finally
> (A2 AT A3)? < (A1 A2A3)
(eyclic)
3.
> (AGA AY) > 3(A1A3A5)
(eyclic)
Proof.
From (1), fof n = 3 follows.
A Al AL AL AL
> Aeae y oy
(cyclic) AlAl (eyclic) (A1A2A3>
(AidsAg) — (AAL)
(A1 A5Az) -
or

> (AyALAY) > 3(A] Ay AY)

(eyclic)



and from the above
max[(AyA1Ay), (A5 A A7), (A1 A3 AY)] > (ATALA)  (d)

(A1 Az As) > 4(ALALAL)  (e)
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