Some Geometrc and Analytic Inequalities.

G.Tsintsifas

Introduction.

The most part of this paper are results obtained since 1983. The start-
ing point was the following Geometric problem.

Problem 1.

Let S, = A1A,.. ..A,11 be an-simplex in £ and M is an interior point. The

line A; M intersects the opposite face, that is the simplex S | = A Ay...A; 1 A;1q...

at the point A} and the simplex S/ | = AjA,.. Al 1A;+1 Al ., at the
point AY. We denote by V,V’ V" the volumes of the simplices S,, S =
AYAS.. AL and Sy = ATAS... A7 . Then it holds:

VeVi> (VR (1)
Problem 2.
Working with barycentric coordinates we were lead to the following inequal-
ity.
For x1,zs,.... x, positive numbers and S = xy + x5 + .. ..z, it holds:
[1(S — ) H [(n—2)S + x4 (2)
i=1 i=1
Problem 3.
We also found and some others interesting inequalities.
S1" _[S=x1°[S—x]* [S—u.]"
| — | < . 3
L1 xln] _[n—llln—l n—1 3)
Problem 4.
For the convex function f(x) holds:
S S — Z;
gf(wanf() z2f;(n_1) (4)
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Problem 5.The following is very interesting but I do not have a proof for
the general case (a)

_ lﬁiﬁnfl Ti1 + ZTig + oo + Ti(n—r) (nir> (5)
11<12<...<lp—r ner
Prove:
(a) : Tr2 > TrflTT+1 <6>
b): T,>T (M)

The main tools we have used are:

(1). The inequality of Popoviciu, see [4], and
(2). the Majorization theory, see [2],[3] and [4].
The inequality of Popoviciu is:

(ol S+ (Smi(E2)] @

Pi1Ti1 + PiaZio + ... + pikxik>

Pi1 + Do+ ... + Dik

For 1 <i; <ip < ...<i<mn, p; >0, f(x) is convex function.

The basis of the Majorization method is the excelent theorem of Hardy-
Littlewood-Polya.

Let © =[xy @3 ... ), ¥ = [y1 Y2 .... Yn| be two points in E™ so that:

> (pin +pa+ - +pz'k)f<

.Tlgfﬂgg.... Sfﬂ

Y <y2<... <yYpn

. The following conditions are equivalent:
(1). There is a bistohastic matrix A so that:

yT — A.’ET
(2). There is a convex function f, so that:
ST fla) =3 f(

1 1
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1 <y
1+ a2 <+ Yo
T1F+rot+x3<y1+y+ys
T1+xeo+ Ty 1 <Y1+ Y2+ Ynoa
1+ 2o+ ... T =Y1 + Y2+ ...Yn.

The condition (3) is denoted by: (x1, Z2, ....xn) < (Y1, Y2, ---Yn)-
See for the proof in [2].
3(a). The majorization theorem is equivalent to the following. If

T4 > X9 > ... > Ty

Y1 2 Y2 < e 2 Yn
cand (x1, 22, ....xy) = (Y1,Y2,....Yn). Then it holds (2).

Proofs

We start the proof of (1).

We denote, as useally, the vector of position of a point ) by OZQ = (. There-
fore the point M expressed by its barycentric coordinates , is:

n+1 n+1

M:Zini where Zqizl, q; > 0.
1 1

So, we have:

M = gA 2 oA
= q; i‘f‘(l_%‘)ﬁ
That is:
T
A = g (9)
Similarly:

M = Z?H m; AL, Z?H =1, m; >0, or

n+1 n+1 C]A n+1
M = Zmllz 1J_]] = > ad,
i=1 ! 4i i=1



So we take: m; = =%, From (9) we see that:
= [AlV

where A is the matrix of the transfomation the simplex S, to S),. After the
calculations we take:

n+1
= 1
Similarly we take:
// 2 g
—V 11
L n— 1 — ) (11)
So, we easily see that we are leadlng to the inequality (2).
The proof of the inequality (2)
By the A.M-G.M inequality follows:
S—x;>(n—1)]] =} e (12)
g
From (12) we have:
IS =) > (n—1)"]] =
1 1
or,
18 —z) Iz
[(n = 1)S]» = 7 @]
s -z, i (13)
V(S —z)lr — Y]
From (13),we take:
? 1 (S - $l) n
e i Hl o n (14>
[ 1 (S - 901)] [Z?—l xz]
i#] 1#]
and from the above (14) we go to the next
n TJL 1(5 - ZL'j) n H?’:1 X
11 I - > |
i1 l(n=2)S +a)nt 7 2 [S — ayn



because of .

(n—2)S+z;=> (S —x;).
i
Therefore

Moy, b

and finally:
H(S — ;) > Hm,[(n —2)S + ;.
1

1
Proof of the inequality (4)

Follows from Popoviciu inequality (3).
Indeed, we have for k=n —1, and p;, =1

f(m) + f(xg) + f(xn) + n(n . Q)f(xl + 29 + xn>

> (n_l)lf(S—ml)Jr ..... +f(5_$”)1

n—1

Therefore we only have to prove:

(n—1) Zf( ) (n—2)f(i)Z2Zf(s__?)—”f(i)

n
or equivalently

S
¥ (=) 2 nf()
which follows directly from the Jensen inequality, that is:
ﬁzf( n—1 ) Z f(zn(n— 1)> N f(ﬁ)
The proof of the inequality (3)

It follows from (4),taking as y = f(x) the convex function y = —Lnzx. That
Is:

S S — x;\2
Lnxy + Lnxs + ....Lnx, + nLnE < ZLn( n _5113 )



or,

T1X3.. xn(n) <H<n—1)

It is worthwile to notice that (2),(3) and (4) can be proven using the ma-
jorization method. Also Popoviciu inequality for k =n — 2, p; = 1 gives:

Y O zf(s‘n_;f”) (15)

and the above (15) leads to the next

nean(3) T < T (E2),

z>J

(16)

For (5) it is easy to prove that T > Tj1.
Also T? > TyTs, or equivalently

Il—f—xz—f-l'g 3

> ‘131262%3[#} (17)

[(171 + x9) (z2 + x3) (x5 + xl)r
2 2 2

A remarkable function
The function

where
g(I) = (l’ + xl)al <£L' + 1‘32....(1' + xn)an
’LU(«T) = [CL1(37 + $1) + CLQ(JJ + SL’Q) + an<x + xn)]Sa

Sq = a1 + Qg + .....ap, :B,,(IZG%JF

We see that i} ((f) =X .1, so we will have:
f(z) = g9(z) _ [(Z V(Y ai(x+ 7)) — s ]

[w(@)]™ ™

From Gauchy-Schwarz inequality, we see that for x > 0, f'(x) > 0.
Therefore f(x) is increasing it is easy to see f(x) < 1 that is f(x) is bounded
above, hence f(x) has a limit:

a—i—xz

1

Sa
S(l

r—oo: f(z)—



hence,

1 0
iy 90 9(0)
S’ w(z) — w(0)
or
a1r1 + asxg + ..... + a,T, = Sq Sm (18)
For a; = ay = .....a, = 1, (18) is the well known A.M.-G.M. inequality.

Many remarkable inequalities follow from (18), e.g.

T

or, the Young’s inequality, for * + ; =1

a b
£+nyxy
a b

The function fi(x)
where

91(z) - n

filz) = s (@) =@ =), wi(@) = | ) (z — )|,
wi(z) 1:[ [21: }

€r = Z?.TZ, T; € gR+7 S = Z?ZBZ

Working as previously we see that fi(x) is increasing. We also can prove

that fi(z) > f1(0). That is because:

n 1

S—x; > (n—l)[l:ﬁ[xi}"_l

We multiplay the n-1 above inequalities and we take:

1?[(5 —z;) > (n— 1)”1?[31:Z

or,
H?(S - iBz) S H? Z;
(n—1)nSm — Sn
[17(S — ;) S [T} 2
[(ZS -] S
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An application of (19) is the next. We take:
r1=—(n—2)a; +as+ ...a, >0

ro=a; — (n—2)ag + .....a, >0

from (19) follows:
aas...an > [[[ = (n = 2)ar + a2 + ....a,]
1

the well known inequality.

The majorization method
We will prove the inequality (17) as an example of the majorization method.
We will prove:

a1+a2+a3 3

{(al + ag) (ay + a3) (as + al)r > 410903

2 2 2 3
For a; < as < ag positive numbers.
Let it be
T -+ i) —+ I3
Ty = a1, T2 = G2, $3=1‘4=$5=f7 Te = ag
a1 + ag ai + as az + as
Y1 =Y = 9 y Yz = Ys = 9 » Ys = Y = 9

We suppose that
1 < Toz3 = x4 = x5 < T
We also see that
V=Y <Ys=Ys1 < Ys = Ys
It is no difficult to se that
1 <Y
1+ 22 < Y1+ Yo

X1+ .+ Ty S U1 + ... Ys



T —|— ........ + Te = U1 —|— ......... —|— Ys

Therefore, taking in mind, that Lnx is concave, according the Majorization
theorem (17) true.

(The case x; < TE224233 < g5 < 5 is similar).

Another example for a Geometric inequality.

Let A, B, C be the angles of the triangle ABC. We suppose that A < B < C.
Obviously,

A<m/3, A+ B<7/3+7/3, A+B+C=mn

Therefore, (A, B,C) < (7/3,7/3,7/3), also (0,0,7) < (A, B,C).

The function y = sinx is concave, hence:
0 < sin A+ sin B 4 sinC' < 3sin7/3 = 3v/3/2
The function y = Lnsinz is concave, hence:

0 < sin Asin Bsin C' < (sin7/3)°.

Remark.

Using the solution of the problem 1, we can prove the conjecture (for a sim-
plex) of [1] 7.14 page 338.

1 i)

Indeed, we have:
!

from (b) follows that:
ALAY — MAY

AAT T ArAr
MAY
L= Zan
aar — 4=
1+ Zra



1—mi

Ay 6=
L+ 2
AA]  1—m—q
ALAY i

but we proved in problem 1 that m; = %, therefore

AAl _(n—D(—-g)_ (n-1) [(h + @+ g1+ Qi—&—l-'Qn—H}
AiA7 ng; n gi

and finally,
n+1 AZA;/ B n—1 1,n+1 Gi Qj

ZA;A;’_ Z[ —i—f}ZnQ—l.

1 i>j 4q; qi

n

The above in [1] is for a triangle.
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